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1. INTRODUCTION

Silicon nitride (Si
3
N

4
) is one of the most used 

important high-temperature engineering ceram-
ics due to its excellent properties such as good 
heat resistivity as a refractory, thermal shock re-
sistance, chemical stability, creep and wear re-
sistance even at high temperatures  preserving 
its desirable characteristics to be used in related 
industrial applications [1-4]. During sudden ther-
mal shock, due to the low coef�cient of thermal 
expansion (CTE), the silicon nitride does not eas-
ily crack or even deform. This case introduces the 
mentioned compound as good refractory material 
and is used in high-temperature applications such 
as cutting tools, metal casting tools, bearings, 
glow plugs, turbocharged rotors, etc. [5]. Also 
due to its excellent mechanical performance and 
enhanced thermal conductivity with respect to 
other ceramics, Si

3
N

4
 is considered as a potential 

heat dissipation substrate in high-power electron-
ic devices [6, 7]. To produce a nitride silicon body, 
various processing methods are used as hot press, 
hot isostatic press, pressureless sinter, gas partial 
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pressure press, reaction bonded, sintered reaction 
bonded. The investigated method proposed in this 
study is a reaction-bonded silicon nitride which 
yields near-net-shape components compared to 
other methods due to slight shrinkage during the 
reaction and preserving its �nal dimensions. This 
method is performed in lower temperatures and 
the raw material is silicon powder which is quite 
cost-effective compared to silicon nitride powder.

This process is based on the heterogeneous 
gas-solid reaction of silicon powder in the nitro-
gen atmosphere. Silicon nitride can be formed by 
the reaction of silicon powder in the atmosphere 
of nitrogen (reaction 1).

( ) ( ) ( )32 4
3 2  

s g s
Si N Si N+ →

Because of requiring much more time to com-
plete the nitridation reaction by reaction bonded 
compare to other methods and melting of unre-
active silicon due to heat release from the reac-
tion, controlling of reaction conditions  to pro-
duce high-quality ceramics and preventing typical 
process problems (cracking or intumescing) is 
necessary.  Thus, to control the reaction, know-

(1)
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ing about the effect of kinetic factors on reaction 
rate is actually vital  to design pieces  in produc-
tion or control line. When the chemical reaction 
and synthetic operations simultaneously occur 
during the process, the material properties and 
process variables such as temperature, pressure, 
gas composition, initial powder size, purity of the 
initial powder, pressed sample size and, thermal 
enthalpy can affect the process of nitriding. For 
this reason, the comprehensive mechanism could 
be very complicated, multifaceted and non-linear. 
All abovementioned variables make laboratory 
studies process very costly and time-consuming. 
However, overall ignoring of any singular factors 
in the process makes a failure in a direct compari-
son between the various test results. 

In order to review the details on the kinetics 
and nature of complex reactions such as silicon 
nitride by reaction bonding method, modeling 
of the process is inevitably required. Modeling 
allows us to prevent trial and error as we get an 
acceptable bene�cial trend of production both on 
time and cost. Previously developed models have 
been presented for this process are based on the 
diffusion mechanism of nitrogen into silicon and 
other mechanisms in different stages of the re-
action are not comprehensively considered. The 
Jander model is actually a very simpli�ed model 
that describe the kinetics of solid-gas reactions in 
general. This model has made many assumptions 
to be simpli�ed, with many errors entering the re-
sults [10]. Another model is the model presented 
by Lee et al. that is speci�cally designed for sili-
con nitride and tries to fully consider the different 
mechanisms governing the process in the model 
[11]. This model focuses on temperature factor 
and other affecting parameters  while the reaction 
kinetics  is not included in this model. The model 
developed by Chang et al. is expressed for sili-
con nitride based on the mechanism of nitrogen 
diffusion in solid silicon nitride, however  addi-
tional mechanisms governing different stages of 
reaction are not considered [12]. In fact, a more 
comprehensive mathematical model which fully 
describes the effect of various kinetics parameters 
in the reaction bonding process has been bring-
ing into being. The model that tries to develop 
in this scheme is more complete than previously 
proposed models expressed in the kinetics of sil-

icon nitride. In this model, the effect of numer-
ous process factors such as process temperature, 
alteration in the size of the initial silicon parti-
cles, purity, particle density, and also the reactant 
gas pressure  are examined. The impact of these 
factors along with the various mechanisms that 
govern the reactivity structure will be determined 
which in other presented accurate models are not 
systematically considered. In the present study, a 
comprehensive kinetics model that divides the re-
action into different stages and incorporates effec-
tive kinetics parameters for the nitridation reaction 
of the silica powder sample in the atmosphere of 
nitrogen gas is developed. The suggested model 
interprets the percentage of reaction progression 
considering kinetics parameters and then tries to 
adapt well to the real values. Finally, the model 
is evaluated by performing tests and results of the 
model are compared with the real values   attained 
from new data to ensure the accuracy of the mod-
el’s performance.

2. RESEARCH METHOD

2.1. Analytical Modeling

Reaction bonded silicon nitride is an intrinsi-
cally complex chemical process as the kinetics of 
the RBSN process can be divided into three main 
regions. During early stages (10 to 15% of the re-
action’s progress), silicon nitride nucleates at the 
free surface of silicon that can be in�uenced by 
inherent factors such as the surface area of   the 
powder.  This nucleus can be selected as an em-
bryo  to start the next nucleation and begin the 
main nitridation stage. The second stage, which 
includes reaction progression from 10% to 70% ± 
10%, forms a major part of the nitridation reaction 
that leads to pore �lling and increasing density. 
Temperature and sample surface areas are super-
visory factors of process rate at this stage. At the 
commencement of the second stage of nitridation 
reaction, nitrogen can easily diffuse into the struc-
ture of micropores. Though, with the gradual pro-
gression of the reaction and pore �lling, nitrogen 
diffusion capacity is considerably reduced.

In the third step, at the �nal stage of nitriding, 
the rate of reaction progression against time is 
greatly reduced. In this case, the watermelon skin 

 [
 D

O
I:

 1
0.

22
06

8/
ijm

se
.1

6.
3.

52
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 e
ng

lis
hd

ep
t.i

us
t.a

c.
ir

 o
n 

20
25

-1
2-

14
 ]

 

                             2 / 15

http://dx.doi.org/10.22068/ijmse.16.3.52
https://englishdept.iust.ac.ir/ijmse/article-1-1288-en.html


54

E. Shahmohamadi, A. Mirhabibi and F. Golestanifard 

structure covers the sample surrounding that re-
sults in the non-complete reaction in large sample 
sizes. Under such conditions, increasing nitrogen 
pressure  and temperature can help to increase the 
percentage of reaction.

2.2. Kinetic Analysis SIM

Based on the nitridation behavior of silicon and 
its dependency on temperature and surface area, 
it is suggested to use a sharp interface model for 
the conversion of single-particle silicon to silicon 
nitride. This model can well express the nitrida-
tion reaction, which includes increasing the vol-
ume of the product layer under diffusion control 
conditions. In fact, silicon particles are not porous 
therefore, the reaction occurs at the interface of 
silicon-silicon nitride. Fig. 1 shows a schematic 
illustration of the sharp interface model.

The formation of the product layer of Si
3
N

4
 

creates a distinct interface with non-porous sili-
con.

In the SIM model, the rate of three processes 
is important:

1. Gas diffusion in the gas layer around the 
particle (external mass transfer)
2. Nitrogen diffusion into Si

3
N

4
 product layer

3. The chemical reaction at the Si-Si
3
N

4
 

surface

2.3. Solid-gas Kinetics For Particles With a 
Constant Size in The Reaction

It was initially assumed that the �nal size of 
the particle in the reaction remains unchanged. r

0
  

(initial radius of the particle) is constant and equal 
to p p

p

F V

A
. So that the particle shape factor pF , which 

is considered for spherical particle 3, pV  is the 
volume of the particle and pA  is the particle-reac-
tive surface. Equation 1 shows the progress of the 
reaction by changing the time for a constant-sized 
particle during the reaction. The calculation meth-
od is shown in Appendix (A).

( ) ( )
2

2
0

3(9 / ) 1 3 1  2 1ρ
 

= − − + −  
 

p

e N si

p p

A
D C t X X

F V

2.4. Kinetics of Solid-gas reaction for particles 
with variable size during the reaction

When the external dimensions of the particles 
change during the reaction, the �nal size is not con-
stant and to apply this condition in the equations, 
parameter Z is de�ned as the volume change of the 
reaction zone. In fact, the Z parameter represents 
the ratio of Si

3
N

4
 volume which formed during ni-

tridation to the reacted silicon volume.  The �nal 
equation of reaction progression for particles with 
variable size during the reaction is expressed in 

Fig.1. Schematic of the progression of nitridation reaction under a sharp interface model (nitrogen diffusion control in the 

product layer) r
0
: initial radius of the silicon particle r: radius of the particle at time of t r

si
: radius of unreacted silicon.

(1)
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equation (2). The calculations for determining this 
equation are presented in Appendix (B).

Equation 3 represents the linear relationship 
between function which is dependent upon the 
reaction progression (X) and time (t). In fact, by 
using this relationship, it is possible to control the 
reaction rate in different time steps for the nitri-
dation of a silicon particle. In spherical particles, 
the curve is Z-dependent. In Fig. 2, the reaction 
progress is expressed for various Z values:

The Jander equation for the spherical state is 
as follows: 

Fig. 3 shows the comparison of the solu-
tions obtained from the optimized equation 
(the exact solution of equation 3) with the 
Jander equation (Eq. 4). At the beginning of 
the reaction, when less nitridation is carried 
out, the assumptions that were considered by 
the Jander equation are accurate for the thin-
ner layer of products, but these assumptions 
cannot be true anymore by increasing the 
thickness. In the meanwhile, the Jander equa-
tion does not correctly calculate the correct 
�nishing time for the reaction.

(2)

(3)

(4)
( )( )

( )
2/3

2/30 2
1 13 1

( / )   1
2 2 1

ρ +
 − + − −   = = − −

− 
 

e N si

Z Z Z X
D C P t t X

Z

( ) ( )
( )

( )

2

3
2/3

2/3
1

1 11
[ 1 ]

2 1

1
.

2 1

X

Z Z Z X
X

t Z
t Z Z

Z

+

+
=

− + − −   − −
−=

−

−

( )
21

3

1

3 1 1
X

t
X

t

+

+
=

 
 
 

= − −

Fig. 2. Progression of the reaction for different values of Z during the process.

Fig. 3. Comparison of the optimal equation and the Jander equation
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2.5. Data Validation Experiments

For the reaction of silicon nitride, the Dong-
fang Resource (China) Si powder, purity 99.995 
was used. Particle size analysis (PSA) was used 
to determine the particle size of the used silicon 
and the results are presented in Table 1. To pre-
pare the samples, the powders are poured into the 
metal mold  and pressed, initial silicon compacts 
were accommodated in the furnace. The weight of 
each specimen was measured and recorded with 
a laboratory balance  with the accuracy of 0.001 
g. Before pressing, the adhesive polyvinyl acetate 
(PVA) was added to samples for strength, for this 
purpose, 5 g of glue was added to 100 ccs of water 
on a hot plate then allow the mixture to be homo-
geneous for 24 hours after that the press operation 
was performed using a pressing machine under 
the applied pressure of 3 MPa. 

2.5.1 Nitridation Process

With regard to the predictions obtained from 
the analytical model, there was a perspective on 
the time and rate of reaction. According to analyt-
ical model data at 4 different temperatures and 4 
time periods, reaction progress was measured. In 
each series, a powder sample and pressed com-
pacts were placed in the furnace. According to 

the temperature of nitridation reaction by reac-
tion bonding method in the range 1250-1400 °C 
in the other works [15,16], the weight change of 
the samples was measured at 1275, 1300, 1325 
and 1350 °C, respectively, at 4 different times. To 
perform the nitride reduction process, a tubular 
furnace with nitrogen-reactive gas (99.99% puri-
ty) together with hydrogen was used. The mixture 
of reactive gases was carried out (95% N

2
 - 5% 

H
2
). It should be noted that hydrogen was used to 

reduce the partial oxygen content of the mixture 
of silicon powder. Fig. 4 indicates the image of 
the samples after the nitridation operation.

2.5.2. Determination of Nitriding Extent

As can be inferred, the increase in compound 
weight is due to the addition of nitrogen to silicon 
and hence, by dividing the weight variation to ni-
trogen molecular mass, the amount of reacted sil-
icon can be calculated by using stoichiometric re-
lationships. Equation 5 indicates the progression 
of the reaction. In this equation,  is the percentage 
of reaction progression,  ,weight change equal to 
the amount of nitrogen added to the stoichiome-
try during the nitridation reaction,  is the initial 
weight of the sample,  is the molecular mass of the 
silicon and is the molecular mass of nitrogen. The 
calculation method is in Appendix (C).

Table 1. Specifications of the powder used in the experiment

�

(Standard 

Deviation)

Particle size distribution (µm)Special surface) 

(

2m

g

Particle size 

(µm) D90D50D10

2.1813.664.761.261.69 ± 0.024.76

Fig. 4. Illustration of samples after nitriding in different temperature a) 1275 C b) 1300 C c) 1325 C
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According to the above mathematical descrip-
tion, the reaction progression was calculated in 
different temperature and time conditions by using 
sample weight change being reported in Table 2.

3. RESULTS AND DISCUSSION

In Fig. 5, the reaction progress rate was 
calculated by equation (2). In this regard, ef-
fective diffusion has been extracted from ref-
erences [11,13] and the parameter Z of sample 
expansion calculated 1.26 which  is explained 
in Appendix (d).

2 0

3

2
Si

N

M W
X

M W

∆
=

Table 2. Weight variations at different temperatures

Temperature

 �°C�

Sample weight 

after reaction �g�

Initial weight 

�g�

Weight 

Change

X Time 

�h�

1275 0.478 0.438 0.04 0.138 0.5

1275 0.413 0.304 0.109 0.541 1

1275 0.495 0.307 0.188 0.917 5

1275 0.342 0.208 0.134 0.968 8

1300 0.429 0.325 0.104 0.483 0.5

1300 0.52 0.371 0.149 0.604 1

1300 0.486 0.304 0.182 0.895 3

1300 0.496 0.299 0.197 0.991 �� �����

1325 0.374 0.271 0.103 0.573 0.5

1325 0.506 0.339 0.167 0.742 1

1325 0.615 0.382 0.233 0.918 2

1325 0.252 0.152 0.1 0.985 4

1350 0.194 0.134 0.06 0.679 0.5

1350 0.413 0.266 0.147 0.827 1

1350 0.495 0.310 0.185 0.894 1.5

1350 0.523 0.317 0.206 0.977 2.5

(5)

Fig. 5. Reaction progresses at different times for temperatures of 1275, 1300, 1325 and 1350 °C
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The ideal gas law was used to calculate ni-
trogen gas concentrations while the particle 
radius calculated in the particle size distribu-
tion experimental route. The calculated values 
for the concentration is 6 341*10 /− mol Cm , 
and the calculation method is shown in Ap-
pendix (E).

To obtain the value of the right side of equa-
tion 2, the experimental value of X and Z at the 
right side of the equation should be known. The 

results are compared in Fig. 6.

3.1. Statistical Error Parameters

In order to analyze the performance of the de-
veloped model, the statistical error parameters have 
been used: mean absolute error (MAE), root mean 
square error (RMSE), correlation coef�cient (R) and 
coef�cient of determination (R2). Fig. 7 shows the 
statistical calculation of the error for the data.

Fig. 7. ross validation graph and calculated error values

Fig. 6. Comparison of data obtained from experimental results and calculated values from the analytical model
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R
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Where O
i
 is the measured value, P

i
 is the pre-

dicted value, N is the number of data, O
m
 is the 

mean of the measured values and P
m
 is the aver-

age of the predicted values.
Fig. 8 actually shows the duration time that 

takes to complete the reaction with 100% con-
version. In this �gure, the obtained values of the 
analytical model and the experimental results are 
compared and the results are  in good agreement. 
To obtain the completion time of the reaction, 
simply the value of X in equation 2 should be 
put equal to 1. In this case, the right side of the 
equation is equal to the constant value of 0.355. 
The diffusion coef�cient is also replaced by the 

exponential function of temperature in equation 
2. Equation 10 is the �nal outcome of relation 2, 
which calculates the time required for the comple-
tion of the nitridation at various temperatures. By 
plotting the time-temperature diagram, the com-
pletion time of reaction for each temperature can 
be consequently obtained.

As mentioned, the effective diffusion coef�-
cient using experimental data can be computed 
by the terms proposed in equation 2. The value 
of X and time for 4 points of 4 different tem-
peratures are determined in the experiment and 
are presented in Table 2. By using these data and 
equation 2, we can obtain the effective diffusion 
coef�cient and compare them with the values that 
were deliberately extracted from the references. 
Fig. 9 shows a comparison between the effective 
diffusion coef�cient used in the analytical mod-
el and the diffusion coef�cient obtained from the 
experimental data. According to the results of the 
comparison shown in �g. 9, there is an acceptable 
agreement between experimental data and other 
references [11,13]: (The dash line curve of Fig. 9 
represents the relation of 11)

Fig. 8. Comparison of the completion time of the reaction obtained from the model and the experimental results
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i ii
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The good superposition between experimental 
data and the analytical results from model indi-
cates the proper functioning of the SIM model 
for this reaction. The hypothesis of the diffusion 
control condition in the linear region or second 
stage of the reaction kinetics predicts the kinet-
ic behavior of the reaction well. Though, in the 
�nal stages of the reaction due to the complexity 
of the involved diffusion mechanism, including 

network diffusion, the model deviates from the 
experimental values. In general, the results are 
very impressive compared to the previous mod-
els and introduce a relatively more ef�cient and 
accurate kinetics model of reaction with diffusion 
control conditions. The microstructure of the ni-
trided sample at 1350 °C was studied after initial 
preparation using a scanning electron microscope 
(SEM) (Fig. 10)

( )e 3

2

3

mol g s
3*D *0.000041 *28 *3600 )*time h

cm mol h
(2) 

g
2.33 *(0.00000238( ))

cm

ff

Right side of Equation

cm

     
     
      =
 
 
 

( )( )
( )

2

3
2/30 2

1 13 1
( / )    1
2 2 1

e N s

Z Z Z X
D C P t t X

Z
ρ +

 
− + − −   = = − − −

  

310( )
14.275expeff

kj
D

RT

 
= − 

 

( )
310( )

14.275eff

kj
LnD Ln

RT

 
= + − 

 

(11)

Fig. 9. Comparison of the effective diffusion coefficient used in the model (dash line) 

and the results of experimental data (colored points)
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Fig. 10. SEM microstructure of nitride sample treated at 

1350 °C. voids shown by arrows

To inspect the interior of the compound, 
one of the compact sample was cut into two 
halves using a cutting machine and the cutting 
surface was studied. Fig. 11 shows the EDS 
analysis of the nitrided sample in cross-sec-
tion which clearly displays the distribution of 
nitrogen in the sample. The red dots indicate 
the distribution of nitrogen and orange ones 
indicate the distribution of silicon. Black 
zones, free of nitrogen and silicon, are porous 
areas of the sample.

In XRD analysis, three samples at 1325 
°C were investigated at three-time points 
with reaction progression of 54%, 72% and 
91% that in all of them, conversion of sili -
con to silicon nitride has taken up to a high 
percentage.

Fig. 11. EDS analysis from the surface of nitride sample 

a) Cross-section microstructure b) Nitrogen distribution c) Silicon distribution 
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The analysis proves the fact that the reactant 
gas is well diffused in the sample and the nitri-
dation has occurred within the sample. A point 
analysis of the sample surface clearly demon-
strates the presence of the element Si, N in the 
�nal sample and due to the absence of other gases 
in the vacuum environment with the ideal ther-
modynamic condition for the formation of silicon 
nitride, there is no effective impurity in the reac-
tion products.

4. CONCLUSION

In this investigation, an attempt was made to 
produce Si

3
N

4
 via reaction bonded method. In 

addition, an analytical model was proposed to 
predict the kinetics of silicon nitridation process 

by such a method. The following results can be 
highlighted:

1. Excellent correlation between experi-
mental data and model’s response that 
suggest the mechanism of SIM  to be 
based on diffusion control as the dom-
inant mechanism of reaction in most re-
action time.

2. Considering the dominant mechanism 
in the reaction’s progress, the analyti-
cal model can provide acceptable pre-
dictions although the process is quite 
complex. 

3. By applying the SIM model to the reac-
tion of silicon nitride reaction bonding, 
the �rst attempt for the development of 
such model was done.

Fig. 12. Phases formed by the progression of nitride reaction at 1325°C for 30 minutes, 1 hour and 2 hours
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4. The proposed model has high �exibility 
when compared to previous models that 
considered fewer variables and reaction 
conditions with higher performance. The 
suggested model predictions were more 
accurate and are able to apply to other 
chemical reactions that have similar ki-
netic conditions.
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Appendix (A) - Calculations of reaction kinetics for a 

particle with constant size in gas-solid reactions

r
c
 or radius of the reaction surface changes with 

time as the reaction progresses within the particle. 
Considering these cases, we declare the reaction 
rate according to Fig. 13 as following:

Fig. 13. Nitrogen diffusion in a spherical particle

Reaction rate 24 c
c s

dr
r

dt
π ρ= −

According to the SIM model, the total rate of 
diffusion and reaction rate is equalized and we de-
rive integral from the resulting equation:

The boundary conditions are:

On the other hand, the initial reaction level 
is equal to the initial radius of the particle 0

p p

p

F V
r

A
= . 

With progressing of the reaction, the radius of the  
reaction front is shown by p p

c c

p

F V
r

A
η=  and 

cη  is the  

dimensionless position of the reaction front, 
which its relationship with the reaction percent-
age expressed as follows:

1 pF

cX η= −

For ease of calculation, the shape factor of par-
ticle shape considered P:

p p

p

F V
P

A
=

Now we apply the boundary condition for ob-
taining the integral constant A:

2

6

P
A =

Now, in equation 13, we replace the values of 
A, r

c,
 and r

0
:

( ) ( )
3 2 2

03
/    

3 2 6 2

c c

e N s

P P P
D C t

P

η η
ρ

 
− + =  

 

2

0 2 3(9 / ) 1 3  2
p

e N s c c

p p

A
D C t

F V
ρ η η

 
= − +  

 

1 pF

cX η= −

By replacing the reaction percentage with the 
dimensionless position of the reaction front, the 
above equation will be as follows:

(12)

(13)

(1)

2 0

0

3 1 1
4 .4 /

2
c

c s e N

c

dr
r D C

dt r r
π ρ π

 
= − 

 

2
0

0

3
/

2
c

c c e N s

r
r dr D C dt

r
ρ

 
− = 

 
∫ ∫

3 2
0

0

3
( / )

3 2 2
c c

e N s

r r
A D C t

r
ρ− + =

@ 0      
p p

c

p

F V
t r

A
= =

      0@ c Nr r C= =

( ) ( )
2

2
0

3(9 / ) 1 3 1  2 1p

e N s

p p

A
D C t X X

F V
ρ

 
= − − + −  

 
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Appendix (B)- Kinetic calculations of the nitridation 

reaction for a variable-size particle in solid-gas 

Reactions

In the calculations, the Z parameter is ex-
pressed as equation 14. In this regard, r is the cur-
rent size of the particle, r

0
 is the initial size of the 

particle and r
c
 is the reaction front radius.

Fig. 14. The expression of the radial parameters used in 

relation 14

According to the above equations:

 

Finally, equation 2 de�ned reaction progres-
sion for a spherical particle with the variable 
as follows. In this equation, the t + dimension-
less time required to reaction progression of X 
and 1xt +=  is dimensionless time to complete the  
reaction.

(14)

(2)

3 3

3 3
0

 
 c

c

r r
Z

r r

−
=

−

t 

p p

p

F V
r

A

 
=   
 

0

initail 

p p

p

F V
r

A

 
=   
 

p p

c c

p initial

F V
r

A
η
 

=   
 

( )3 1η = −c X

( )
3 3

3+ 1
p p p p

c

p pt initial

F V F V
Z Z r

A A

   
= −      
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1-p p p p p p
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p p pt initial initial
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Z Z h

A A A
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Appendix (C) - Calculations of the reaction 

progression based on weight change of nitride 

samples

3Si +2N
2
 = Si

3
N

4

( )4 3 4

Weight of 

N  in Si N  

W

g

∆ =

2

3 4
2

N Si N

N

W
mol mol

M

∆
= =

2

3 4  
2

N Si N

N

W
mol mol

M

∆
= =

2

.3 .
2

Si Si

N

W
M gr

M

 ∆
=  

 

2 0

3

2
Si

N

M W
X

M W

∆
=

Appendix (D) - Calculation of parameter z for the 

nitridation of silicon 

 

Appendix (E) - Nitrogen concentration calculation in 

the reaction environment

3 4

Stoichiometric coefficient
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w w
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=

=
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